Abstract-An approximate closed-form formula for calculating the ohmic resistance of a circular multiloop coil with unequal pitches is presented. Skin effect and proximity effect are included in the formula. The proximity effect is expressed as a proximity factor obtained using transverse magnetic fields applied to a wire from the rest of the wires. For verification, the optimum dimension for minimum resistance of wires with an equal pitch is compared with the previous results, and both results agree. The formula is applied to calculate the ohmic resistance of helical and spiral coils and is verified by a 2-D finite-element-method simulation. Both calculation and simulation results are consistent as well. As a practical application, a spiral coil with unequal pitches is designed for uniform mutual inductance, and it is optimized for the lowest resistance using the formula. The measured ohmic resistance of the designed coil also agrees with the calculated and simulated results. The results show that the formula can be well applied to designing circular multiloop coils with minimum ohmic loss in wireless-power-transfer systems.
I. INTRODUCTION

M
ULTILOOP coils with equal pitch, such as conventional helical [1] - [5] and spiral coils [6] - [9] , have been widely used for generating strong magnetic fields in magnetic resonance wireless power transfer (WPT) systems. Recently, multiloop coils with unequal pitches have been also currently employed for free positioning in magnetic resonance WPT systems because the coils of these windings can generate uniform magnetic field (H-field) distribution with respect to the horizontal movement of a receiving (Rx) coil [10] , [11] .
Ohmic losses of coils in magnetic resonance WPT systems are the main cause of efficiency degradation. Hence, it is necessary to reduce the ohmic loss of the multiloop coils. In [5] , [10] , and [11] , coils were made by a litz wire to reduce ohmic loss because hundreds of kilohertz of frequencies for WPT were used. However, recently, many applications of magnetic resonance WPT are made at a frequency higher than several megahertz [1] - [4] , [6] - [9] . At a high frequency, solid or tubular conductor wires are used to produce lower ohmic loss instead of litz wires because resistance to skin effects as well as proximity effects rises considerably at a frequency higher than several megahertz.
Several methods have been reported for calculating the ohmic resistance of multiloop coils, with a solid wire considering both skin and proximity effects. In [12] - [15] , multiloop coils with an equal pitch only were considered. In [16] , a resistance calculation method by using a 3-D finite-difference time domain was proposed for helical coils with arbitrary windings. However, the computation time increases with the number of turns, and the optimum process for achieving the lowest ohmic loss of coils was not also shown.
In this paper, a simple approximate closed-form formula of ohmic resistance for circular multiloop coils with both equal and unequal pitches of solid round wires is proposed. The formula consists of resistance by skin and proximity effects. The calculation results are verified with previous works and 2-D finite-element method (FEM) simulation results as well. It is also shown that the ohmic resistance of multiloop coils with unequal pitches can be minimized using the derived formula.
II. RESISTANCE BY SKIN AND PROXIMITY EFFECTS
To derive the ohmic resistance of a circular multiloop coil with unequal pitches, the following assumptions are made: Solid round wires are identical, identical currents in the wires flow in the same direction, and there is no current variation along longitudinal directions in the wire. Fig. 1(a) shows the current density distribution on a cross section of an isolated solid round wire without an H-field. The net current and radius of the wire are represented as I 0 and r 0 , respectively. The color bar shows the current density (A/m 2 ). Because of the skin effects that occur under high frequencies, the current is confined to the surface of the wire, and there is no current in the middle of the wire. It is observed that the current density is rotationally symmetric. With a sufficiently high operating frequency and the radius of the wire, r 0 , being larger than the skin depth, δ = 1/(πf μ 0 σ) 1/2 (r 0 /δ > 1), the 0278-0046 © 2014 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/ redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. asymptotic representation of resistance per unit length due to skin effects is given as follows [17] :
where σ is the conductivity of the wire, f is an operating frequency, and μ 0 is the permeability in vacuum. Fig. 1(b) shows two neighboring wires. Each wire has the identical net current I 0 . H-fields generated by one wire are applied to another wire, and they influence the current distribution in each wire. Equivalent currents induced by the applied H-field are made on the surface of the wire, and the current distribution is no longer rotationally symmetric due to the proximity effect. The resistance (R prox ) by the proximity effect in Fig. 1(b) can be expressed as follows [17] :
Here, P prox is the power loss due to the proximity effect. From (2), it is found that R prox , at an operating frequency, is determined mainly by the applied H-field (H) when the r 0 , μ0, and σ of the wire are given. To evaluate the loss by the proximity effect according to that by the skin effect, the ratio of R prox to R skin , called a proximity factor (G p ), is defined as follows:
where x = 2r 0 /δ = d/δ. As a result, the ohmic resistance (R ohmic ) per unit length of the wire is expressed as follows using the proximity factor:
It is true that skin and proximity effects can be divided by their orthogonality [14] , [15] . Therefore, it should be noted that, to obtain the ohmic resistance of multiloop coils (R ohmic ) per unit length, the resistance by the proximity effect (R prox ) can be achieved by substituting the summation of H-fields applied to every wire from the other wires into (2), while the resistance by the skin effect (R skin ) can be obtained from (1). The total ohmic resistance can be calculated by multiplying R ohmic by the length of the total wire.
III. PROXIMITY EFFECTS AMONG PARALLEL ROUND WIRES
A. Calculation of H-Fields Applied From Other Wires
For the calculation of a proximity-effect loss, an entire H-field applied to every wire from the other wires is required as explained in the previous section. For these purposes, at first, H-fields applied to a wire from the other wires are calculated, and an equivalent total H-field is derived by adding all H-fields obtained from each wire. Fig. 2 shows a schematic diagram for calculating z-directed H-fields on the surface of a target wire A by left-and rightside wires (B and C). Both p and θ denote the gap between the wires and an angle on the surface, respectively. For the calculation, it is assumed that the current source wires (B and C) are filamentary. The net current of each wire is I 0 . Since the current is confined near the surface at a high frequency, the z-directed H-field intensities from right-and left-side wires are, according to the angle θ, as follows, respectively,
Three reference points α, β, and γ are chosen for the calculation of an equivalent H-field applied to the target wire A. The reference point α is at θ = 90
• , whereas the reference points β and γ are at θ = 0
• and θ = 180
• , respectively. The reference point α is a middle point of a surface of a wire cross section.
The reference points β and γ are the most affected points by adjacent right-and left-side wires, respectively. Therefore, the magnitudes of H-fields at each reference point are as follows:
Fig . 3 shows the configuration for the calculation of H-fields applied to the mth wire (target wire) from the other wires in N parallel wires. To calculate the H-fields applied to the target wire from other wires, they, except for the target wire, are divided into two groups according to their positions based on the target wire as follows.
1) Pair group: Wires in the group where a left-side wire corresponds to a right-side wire based on the target wire. 2) Asymmetric group: Wires in the group where a left-side wire corresponds to a right-side wire do not exist and vice versa. When source wires belong to the pair group, H-fields from both a left-side wire and its corresponding right-side wire are calculated simultaneously at the reference points β and γ, respectively. Because a proximity power loss is proportional to the square of H-fields from (2), the equivalent H-field applied to a target wire (H pair ) from a pair of wires is obtained by the power mean as follows:
where H β and H γ denote the scalar H-fields from left-and right-side wires at the reference points β and γ, respectively. When source wires belong to the asymmetric group, the Hfields applied to the target wire are calculated at the reference point α from (5-1) or (5-2). By applying the equivalent H-fields from (6) and (7) to N parallel wires with unequal pitches, all H-fields at each wire can be obtained. Therefore, the H-field applied to the mth wire from the ith and jth pair wires is calculated from (8) , shown at the bottom of the page, where i + j = 2m. The total H-field applied to the mth wire from wires in a pair group, H m,pair , is calculated according to m as follows:
Now, the H-field applied to the mth wire from the kth asymmetric wire is obtained at point α as follows:
Thus, the total H-field applied to the mth wire from the wires in an asymmetric group, H m,asy , is calculated according to m as follows:
By adding both H m,pair and H m,asy , the equivalent total H-field applied to the mth wire from the other wires H m can be expressed as follows:
B. Proximity Factor G p and Ohmic Resistance
The proximity factor in a system of N parallel wires depends on the number of wires. Therefore, by substituting (12) into (3), the proximity factor G p for N parallel solid round conductor wires can be obtained as follows:
Then, the total ohmic resistance per unit length is achieved by substituting (1) and (13) into (4) as follows:
It is noted that the ohmic resistance per unit length in a system of N parallel round wires with unequal pitches is derived as a closed-form formula. The results can also be applied to the calculation of the ohmic resistance in a multiloop conductor coil with circular cross sections and equal or unequal pitches. 
IV. CALCULATION OF OPTIMUM CONDITIONS FOR MINIMUM OHMIC RESISTANCE OF N PARALLEL WIRES
A. Normalized Proximity Factor G p
The proximity factor derived in (15) is a function of x, N , and H, where x includes the skin depth δ and wire diameter d. Fig. 4 shows the calculation results of G p normalized by the maximum value, depending on x. The normalized G p did not change irrespective of pitches and the number of turns since the normalized G p is a function of not N or H, but x only. The normalized G p increases as x increases. As a result, the proximity factor in (13) is frequency dependent, and its dominant factors are the wire diameter and operating frequency. Hence, the proximity-effect loss can be minimized by choosing an optimum wire diameter at a fixed frequency. tween the calculated results of OMR and the previous results for N = 2, 3, . . . , 8 is 3.85%. This conclusion shows that both results are in excellent agreement.
B. Optimum Conditions for Minimum Resistance (OMR) in N Parallel Wires With an Equal Pitch
From a practical viewpoint, a useful formula for OMR can be derived by using a curve-fit method with the power law based on the calculation results as follows:
In Fig. 5 , the ×-marked dotted line represents the results calculated using (15) for N = 2, 3, . . . , 15. It can be observed that the results using the formula for OMR are in agreement with those in [15] . It should be pointed out that the OMR in (15) can be effectively applied to find the optimal value of the radius when W and N are given. Fig. 6 shows the calculated ohmic resistances of N parallel wires, according to pitches when r 0 = 0.5 mm and p = 2 mm. Two cases of N = 3 and 4 are considered. The length of each wire is determined to be 1 m. With W and r 0 fixed, pitches decrease as much as the variation of pitches Δ p from 0.1p to 0.475p. It is found that minimum resistance is achieved when the pitches are equal (Δ p = 0) in both N = 3 and 4. Ohmic resistances are almost the same until the variation of pitches is 20%. On the contrary, there is a considerable increase in ohmic resistances when the variation of pitches is more than 30%. Fig. 7 (a) and (b) shows the schematic diagrams of a circular loop and an infinite straight wire, respectively. In Fig. 7(a) , z-and ρ-directed H-fields H z and H ρ are generated by the circular loop of radius r 1 . The loop is made of a single filamentary wire. Fig. 7(b) shows the cross-sectional view of the infinite straight filamentary wire. It is assumed that both centers of the single wire of the circular loop and the infinite straight wire are identical. Fig. 8 compares calculation results of normalized magnetic fields |H z | of circular loops of different radii and the infinite straight wire according to the distance (D) from the center of each wire. The H-fields of the circular loop are calculated by referring to [18] . The H-fields of circular loops of small (r 1 = 2 cm) and large (r 1 = 20 cm) radii are compared to that of the infinite straight wire, respectively. The normalized magnetic fields of the 20-cm circular loop are the same as that of the infinite straight wire according to the distance (D). For the 2-cm circular loop, the results are the same as that of the infinite straight wire at D < 0.1 cm where magnetic field is much stronger, and there is a little difference between the results at D > 0.1 cm. It is shown that the magnetic field |H z | of a circular loop is very similar to that of an infinite straight wire. It can be said that the way of calculating ohmic resistance per unit length by using magnetic field by a set of infinite straight wires can be well applied to that for parallel multiloop coils such as spiral coils of round cross section. In addition, it is reported that the calculation method of ohmic resistance for a set of infinite straight wires is applied to that for a circular helical coil [15] .
C. Ohmic Resistance of N Parallel Wires According to Variation of Pitches
V. COMPARISON OF H-FIELDS BY A CIRCULAR LOOP AND AN INFINITE STRAIGHT WIRE
VI. APPLICATIONS TO HELICAL AND SPIRAL COILS IN WPT SYSTEMS
In this section, the closed-form formula in (14) is applied to the calculation of circular helical and spiral coils. The conductivity of the copper wire used is 5.8 × 10
7 in both the calculation and simulation. For the simulation, a commercial electromagnetic FEM simulator (ANSYS Maxwell 2D) is used. Fig. 9 shows a schematic diagram of a helical coil with arbitrary pitches. r and p ij are the radius of the helical coil and the pitch between the ith and jth loops, respectively. Fig. 10 compares calculated ohmic resistances and simulation results for helical coils with an equal pitch when N = 6, r 0 = 0.5 mm, and p = 2 mm. The total length of the helical coil is 2πrN . The radius of the helical coils, r, is changed from 2 to 21 cm. The results of the calculation are consistent with those of the simulation for the case of a small r of 2 cm, as well as a larger r. Ohmic resistances of fabricated coils are obtained by measuring a quality factor (Q) and self-inductance (L) of the coil, i.e., R = 2πf L/Q. The resonant frequency (f ) of each coil is 6.78 MHz and tuned by using lumped capacitors. The Q-factors of the fabricated helical coils with a solid copper wire of r 0 = 0.3, 0.5, and 0.8 mm are 295.76, 389.52, and 439.87, respectively, and are measured by using a vector network analyzer (Agilent 4395A). Self-inductances of 6.184 μH, 5.992 μH, and 5.671 μH are measured by using an LCR meter, respectively. It shows that the measured ohmic resistances are similar to the calculated and simulated ohmic resistances. The reasons of the differences are because of the equivalent series resistance (ESR) of lumped capacitors for tuning the resonant frequency and pitch tolerance when the coils of small pitch are made. Fig. 12 compares calculated ohmic resistances and results in [19] . The ohmic resistance of a circular spiral coil with an equal pitch has been presented in [19] . A schematic diagram of a spiral coil is displayed in Fig. 13 . A tubular copper wire of 3 mm in radius and 1 mm in thickness was used in [19] . In the calculation, the tubular wire is regarded as a solid round wire with a 3-mm radius. The dimensions of the coil were r out = 14.7 cm, r in = 10.3 cm, p = 8.8 mm, and N = 6. The total length of the spiral coil is 2π[
A. Application for Helical Coils With an Equal Pitch
B. Application for Optimization of a Helical Coil With Unequal Pitches
C. Application for Spiral Coils With an Equal Pitch
The calculated ohmic resistances of the coil up to 1 MHz were provided. The calculated ohmic resistances have a maximum dif- ference of 5.3% compared to previous values in [19] , although a wire in the calculation used in this paper is a solid wire.
D. Application for Optimization of a Spiral Coil With an Equal Pitch
For efficient WPT, a lower ohmic resistance of the coil is very important. The results of (14) and (15) can be also applied to designing a spiral coil of the lowest ohmic resistance with an equal pitch when a winding width W and the number of turns, N , are fixed. In case #3, the OMR was calculated using (15) for the coil. Dotted and solid lines represent calculation and simulation results, respectively. The results show that the lowest ohmic resistance is obtained in #3. The calculation and simulation results agree. It can be found that the resistance by skin effects is dominant in case #1 up to 10 MHz since p/d is large. Resistance in #4 is higher than that in #3, although the radius in #4 is larger than that in #3, particularly at higher frequencies. The reason is that the proximity effect for #4 is higher than that for #3. Furthermore, the results also verify that the minimum ohmic resistance can be obtained using (15) . Therefore, optimized low-loss coils can be designed easily using the OMR formula for spiral coils with an equal pitch.
E. Application for Optimization of a Spiral Coil With Unequal Pitches
One useful application of a spiral coil with unequal pitches is for free-positioning WPT because spiral coils with unequal pitches, which are finely designed, have the advantage of uniform H-field distribution [10] , [11] . Therefore, by determining an optimum wire radius, it is possible to minimize the ohmic resistance of the coils with unequal pitches.
It is assumed that an Rx coil is a circular spiral coil with an equal pitch (N = 5, r out = 23.5 mm, and p = 1 mm) for the application of charging mobile devices. For uniform H-fields, a circular spiral Tx coil with unequal pitches is designed by using the Neumann formula for mutual inductance between two circular loops [20] . A target distance (g ) between the Tx and Rx coils is set to 10 mm. The operating frequency is 6.78 MHz. As a result, the Tx coil is designed as r out = 80 mm, r in = 39 mm, N = 6, p 12 = 23 mm, p 23 = 7 mm, p 34 = 3 mm, p 45 = 5 mm, and p 56 = 3 mm. The calculation of the mutual inductances of the coils is conducted via a filament method. The wire radius does not considerably affect the results in general. The calculated mutual inductance is about 437 nH when the radial displacement of the Rx coil is within 45 mm. small error in measuring high Q-factor for r 0 = 1.3 mm is included.
From Fig. 16 , the optimum radius for minimum ohmic resistance can be also obtained. The calculated optimal ohmic resistance of the Tx coil is 343.2 mΩ at r 0 = 1.26 mm, while the simulated optimum resistance is 335.47 mΩ at r 0 = 1.30 mm. The calculated and simulated optimum radii are well consistent. Fig. 17 shows the measurement setup for a WPT system using two coils. For the system, the optimized Tx coil in Fig. 15(d) is used. The optimum formula of (15) Regarding the influence of a parallel multiloop Rx coil on the ohmic resistance of a parallel multiloop Tx coil, it can be said that the ohmic resistance may be changed by the proximity effect between Tx and Rx coils when Tx and Rx coils are very similar and placed concentrically and the ratio of the distance of two neighboring loops and the wire diameter of the coils is close to 1. From the viewpoint of practical applications, Tx and Rx coils are different in size and somewhat apart. Therefore, the proximity effect between Tx and Rx coils can be negligible, and the proposed calculation and optimization methods are still valid.
F. Experiment of a WPT System
An input power of 250 mW at 6.78 MHz is supplied to the Tx coil by using a function generator (Agilent 33521A). A receiving power of 234.26 mW at an Rx load of 50 Ω is measured by using an oscilloscope (Tektronix DPO3032). Capacitive impedance matching networks shown in [2] are used for satisfying optimum impedance matching conditions [1] . As a result, the measured power transfer efficiency of the WPT system with the optimized Tx coil is 93.7% at the center and 93.2% at 40 mm in the radial displacement due to the uniform H-field distribution of the Tx coil, respectively, when the distance g = 10 mm. The measured power transfer efficiency with the Tx coil shown in Fig. 15(a) is 90.2% at the center and 90.1% at 40 mm when the distance g = 10 mm. In addition, power transfer efficiencies of 34.67% are obtained at the center by using the optimized Tx coil for g = 150 mm. On the other hand, an efficiency of 14.16% is achieved by using the Tx coil shown in Fig. 15(a) for g = 150 mm. That is, power transfer efficiency by using the optimized Tx coil is enhanced by 20%. Therefore, the results show that the coil of lower ohmic resistance has higher power transfer efficiency, particularly as the mutual inductance between Tx and Rx coils decreases.
VII. CONCLUSION
A simple approximate closed-form formula to calculate ohmic resistance in a system of parallel round conductor wires with equal and unequal pitches is proposed. A detailed derivation procedure and some useful calculation results are also provided. It is shown that the formula can be well applied to multiloop coils (e.g., spiral and helical coils) with both equal and unequal pitches. It is verified that the calculation results are consistent with the simulation results, the previous results, and the measured results for the practical helical and spiral coils. It is shown that, by using the formula, the ohmic resistance of spiral coils with equal and unequal pitches can also be minimized for a highly efficient system of magnetic resonance WPT. Therefore, it is expected that the derived formula and method can be effectively applied to calculate the resistance and optimize various multiloop conductor coils for highly efficient WPT.
